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Comparative Evaluation of Two Analytical Models for
Microwave Scattering from Deciduous Leaves
Yi-Sok Oh
School of Electronic and Electrical Engineering, Hongik University, Seoul, Korea

Abstract : The generalized Rayleigh-Gans (GRG) approximation is usually used to compute the
scattering amplitudes of leaves smaller or comparable to a wavelength, while the physical optics (PO)
approach with the resistive sheet approximation is commonly used for leaves larger or comparable to the
wavelength. In this paper, the scattering amplitudes of an elliptical leaf are computed using those
theoretical scattering models (GRG and PO) at different frequencies. The accuracies of the analytical
models for microwave scattering from deciduous leaves are investigated by comparison with the precise
estimation by the method of moment (MoM). It was found that both the PO approach and the GRG
approximation can be used alternatively for computing the scattering matrices of natural deciduous leaves
at P-, L-, C- and X-band frequencies.
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1. Introduction

(Karam et al. 1988). The GRG approximation holds only
for leaves smaller or comparable to the wavelength. The

Radar scattering from a vegetation canopy can be

main objective of this study is to find the valid frequency

calculated using the vector radiative transfer (VRT)

regions of the PO and the GRG approximations for a

method (Ulaby et al. 1990; Karam et al. 1992). It is

given leaf size in order to compute the scattering matrices

necessary to compute precisely the scattering matrices of

of leaves accurately.

leaves at microwaves to compute the phase and

The interior field in the PO approach is assumed to be

extinction matrices of the crown layer. A deciduous leaf

the same as that of an infinite disk, which is only valid at

is modeled in (Ulaby et al. 1990) as a randomly oriented

high microwave frequencies for natural leaves. In the

dielectric resistive sheet using the PO approach (Senior et

GRG approach, the electric field inside the dielectric

al. 1987). Thus, only leaves larger than a wavelength are

disk is approximated by the incident electric field, which

considered in the approach, and the simple Rayleigh

is valid in low microwave frequencies. It was shown in

approximation is applied for smaller leaves. On the other

(Pan and Narayanan, 2002) that the difference between

hand, the scattering matrix for a leaf is obtained in

these two models is of the order of several dB at L- and

(Karam et al. 1992) by applying the GRG approximation

X-bands for a circular disk with a radius of 5 cm. The
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frequency limitations of the analytic scattering models

Elachi, 1990). In the FSA, k̂i = sinqi cosfix̂ + sinqi sinfiŷ

need to be examined for dielectric disks having

+ cosqiẑ, ĥi = ẑ×k̂i /Ωẑ×k̂iΩ, v̂i = ĥi×k̂i, and (v̂s, ĥs, k̂s)

dimensions of natural leaves.

can be obtained from (v̂i, ĥi, k̂i) by substituting s’s into

In this paper, the GRG and PO approximations for an

i’s.

__
A volume current density J (r ) is induced in the

elliptical dielectric disk are reviewed inceptively. Then,
a full-wave analysis with the MoM (Oh et al., 2002) is

dielectric disk with an incident electric field of
_ _
_
Ei(r ) = q̂i E0 ei k k̂i·r ,

performed to examine the accuracies of the analytical
scattering models. A typical oak leaf may be compared

(1)

with an ellipse carrying a major axis of 2a = 12 cm and a

where q̂i = v̂i or ĥi, k is the wavenumber and a time

minor axis of 2b = 5 cm. The lengths of the leaf in the

convention of exp[_iwt] is assumed. Then, the electric

major and minor axes are comparable to the

fields scattered from the dielectric body are computed
__
using the electric__current density J (r ′
) and the dyadic
_ __
Green’s function G(r , r ′
) by
___ _ _ _ _
_ _
Es(r ) = ik0h0 ∫V G(r , r ′
.
(2)
)·J (r ′
)dv′

wavelengths at 2.5 GHz and 6 GHz, respectively. The
angular scattering behaviors of the leaf at various
microwave frequencies will be computed using the
analytical models (the PO, the GRG, and the Rayleigh

where k0 = 2p/l0 and h0 = m0 /e0 . The dyadic Green’s

approximations). The leaf is assumed to be a dielectric
dielectric constants of the leaf, corresponding to the

function satisfies the wave equation (Tai, 1997),
___ _ _
___ _ _ __ _ _
—×—×G(r , r ′
) _ k2 G(r , r ′
) = I d(r _ r ′
),

gravimetric moisture content of 0.6 g/cm3, are obtained

where

elliptical disk with a thickness t of 0.04 cm. The

from an empirical formula in (Ulaby and El-Rayes,

___ _ _ Ï __
—— ¸ _ _
G(r , r ′
) and
) = Ô I + 2 ÔG(r _ r ′
k ˛
Ó

1987) for given frequencies.
Fig. 1 shows a coordinate system of the scattering

(3)

(4)

___

__
eikΩr rΩ′
_ _ .
G(r , r ′
)=
4pΩr _ r ′
Ω

problem with a plane wave incidence on an elliptical
dielectric disk lying on the x-y plane, which is the

(5)

In the far zone, the scattered fields can be calculated

forward scattering assignment (FSA) as in (Ulaby and

with the following approximated equations:
___ _ _
_ _
G(r , r ′
) ≈ (v̂sv̂s + ĥsĥs)G(r _ r ′
) and

(6)

__
eikr _ikk̂s·r_′
G(r , r ′
e
.
(7)
)≈
4pr
__
The current densities J (r ′
) in the dielectric disk are
obtained in a simple form with appropriate assumptions
for the analytical models (the Rayleigh, the GRG, and
the PO approximations) as formulated in Section 2,
__
while the J (r ′
) is computed precisely applying the MoM
on an integral equation derived by using (2), (4) and (5)
for a full-wave analysis as formulated in Section 3.
Then, the scattered fields are computed using (2), (6)
and (7) for the analytical and numerical models. In

Fig. 1. Geometry of the scattering problem.
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Section 4 the radar cross sections (RCS) s of the leaf are

Using the point matching technique, the integral

computed by the analytical models and compared with

equation (12) can be cast into the following matrix

the RCS by the full-wave method. The accuracy of each

equation,

analytical model is investigated in microwave

xx
xy
xz
Ï [Zmn
] [Zmn
] [Zmn
]¸Ï[Inx]¸ Ï[Vmx ]¸
Ô yx yy yz ÔÔ y Ô Ô y Ô
Ô [Zmn] [Zmn] [Zmn]ÔÔ[In ]Ô= Ô[Vm]Ô,
Ô zx zy zz ÔÔ z Ô Ô z Ô
Ó [Zmn] [Zmn] [Zmn]˛Ó[In]˛ Ó[Vm]˛

frequencies using the precise numerical results.
The scattered field vector is related to the incident
___
field vector in terms of a dyadic scattering amplitude S

where Inp is an unknown constant of the nth basis

as follows:
__
_ _
eikr _
Es(r ) = r S (k̂s, k̂i)·q̂i E0

function for the p-component of the volume currents (p
(8)

= x, y, z), and
_
_
Vmp = _iwe0[er(r m) _1]q̂ eik0k̂i·r m·p̂, p = x, y, z

where the scattering amplitude Spq for a q-polarized
incident wave and a p-polarized scattered wave can be

_
pq
= dpqdmn _ k02[er(r m) _1]
Zmn

written by
___
Spq ≡ p̂s·S (k̂s, k̂i)·q̂i.

2

(14)

_ _

∫ Gpq(r m, r n)dvn, p,
∆Vn

q = x, y, z.

(9)

(15)

where dpq and dmn are the Kronecker delta functions,
_
_
and r m and r n represent the mth matching position

Then, the RCS of the dielectric disk is computed by
spq = 4pΩSpqΩ , p, q = v, h.

(13)

(10)

(observation point) and the nth integration position,

From the Maxwell equations, we get the equivalent
__
volume current J (r ′
) in the dielectric disk as
__
__
(11)
J (r ′
),
) = _iwe[er _1]E(r ′

respectively. The elements of the dyadic Green’s
function are found to be
_ _
∂2G(R)
Gpp(r m, r n) = G(R) + 12
2 ,
k0 ∂p
_ _
1 ∂2G(R)
Gpq(r m, r n) = 2
, p ≠ q,
k0 ∂p∂q

where er is the complex dielectric constant of the disk
__
and E(r ′
) is the total electric field including the incident
and scattered fields.

(16a)
(16b)

_ _
where p, q = x, y, z and R = Ωr m _ r nΩ. Explicit form of
differentiations of the Green’s functions in (16) are
given by

2. Full-wave Analysis

{

In (11) the total electric field comprises the incident
_ _ _
and scattered fields, E = Ei + Es. Therefore, an integral
equation can be obtained by substituting (2) into (11) as
___ _ _ _ _
_ _
__
J (r ) _ k02(er _1)∫ G(r , r ′
)·J (r ′
)dv′
= _iwe(er _1)Ei(r ).(12)
V
__
The unknown current density J (r ) in the leaf can be

}

Pmn2f1 _ (1_ik0R)
∂2G(R)
=
G(R)
,
∂p2
R4
R2

(17a)

Pmnqmn f1
∂2G(R)
= G(R)
, p ≠ q,
∂p∂q
R4

(17c)

where p, q = x, y, z, pmn ≡ pm _ pn, qmn ≡ qm _ qn, and
f1 = 3 _ i3k0R _ k02R2.
When n = m, the second derivatives of the Green’s

computed numerically using the method of moment

function G(R) produces the well-known singularity.

(MoM). Among many other bases functions, the

However, we can avoid this singularity by introducing

volumetric brick was chosen as the basis function in the

an auxiliary function g ≡ 1/4pR and subdividing the

limit of electrically small subdomains for simplicity.

integral region to a small sphere Ve centered at the
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observation point and the other part as in (Oh et al.,

1988). For the PO approximation, the edge effect is

2002):

ignored assuming the leaf size is much greater than a
wavelength. Moreover, the leaf can be assumed to be a

∫ Gppdv = ∫ Gppdv + ∫Gdv

∆Vn

∆Vn_Ve

Ve

Ï ∂2
+ 12 Ô ∫ 2 (G _ g)dv +
k0 ÓVe ∂p

¸
∫ ∂p2 g dv Ô.
˛
Ve
∂2

resistive sheet assuming the leaf is very thin (Senior et

(18)

al. 1987).

1) Rayleigh Approximation

We can evaluate the integrals in the parenthesis in (18)
explicitly for a small sphere with radius a, which leads

Assuming the disk is very small, relative to a

to _(1 _ ika)eika/3. The integral of the second term in (18)

wavelength, the field inside the disk is approximated to
_ _
the incident field Ei(r ′
) in (11).

can also be explicitly evaluated, and leads to {_1 + (1 _
ika)eika}/k02. Therefore, (18) becomes

∫ Gppdvn = ∫ Geppdvn + k12

∆Vn

∆Vn_V

0

{

_1 +

The scattering amplitude is given in (Karam and
Fung, 1989) as follows:

}

2 _
(1 ika)eika (19)
3

___
k2
(12)
Spq = p̂s· (er _ 1)(v̂sv̂s + ĥsĥs)·A·q̂i v0,
4p
___
where v0 is the leaf volume and A is the polarizability

where p = x, y, z. The first integral of the right side of
(19) was evaluated using a numerical integration

tensor (Tsang et al. 1985) given as
___
x̂x̂
ŷŷ
ẑẑ
A=
+
+
. (21)
1 + (er _ 1)g1 1 + (er _ 1)g2 1 + (er _ 1)g3

technique.
Once the elements of the impedance matrix [Z] and
the excitation vector [V] were calculated, the unknown
equivalent volume current [I] inside the dielectric body

The demagnetizing factor gi’s can be written for an

can be found by inverting (13). Consequently, the

elliptic disk-shaped leaf (a>b>>t/2) as

scattering amplitude Spq can be computed using (2) and

t
K(e) _ E(e)
1 _ e2
,
2a
e2
_
_
t E(e) (1 e2)K(e)
g2 =
, and
2a
e2 1 _ e2

g1 =

(6)-(9).

g3 = 1 _

3. Analytical Models

t E(e)
,
2a 1 _ e2

(22a)
(22b)
(22c)

with e = 1 _ (b/a)2.

In this section, the Rayleigh, the generalized
Rayleigh-Gans (GRG), and the physical optics (PO)

K(e) and E(e) are the elliptic integrals of the first and

models are formulated based on the equations in the

second kind, respectively, and can be written in

previous section with appropriate assumptions. For the

polynomial approximation as in (Abramowitz and

Rayleigh approximation, the internal field within the

Stegan, 1972):

dielectric disk is assumed to be the same as the

K(e) ≈ [a0 + a1e + … + a4e4]

incidence field, and the phase interference of the

+ [b0 + b1e + … + b4e4]ln(1/e),

scattering is omitted, assuming the leaf size is much less

E(e) ≈ [1 + c1e + … + c4e4]

than a wavelength (ka << 1). The GRG model is same to

+ [d1e + … + d4e4]ln(1/e),

the Rayleigh approximation except that the phase term is

(23a)

(23b)

retained within the integral, and the phase interference

where the constants, a0, …, a4, b0, …, b4, c1, …, c4, d1,

function works as a modifying factor (Karam et al.

…, d4, are given in (Abramowitz and Stegan, 1972).
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__
where H0 = k̂i×q̂i E0/h0. The horizontal and vertical

2) GRG Approximation
The GRG approximation may be applied for a small

reflection coefficients (Gh and Gv) for a resistive sheet

_

can be derived using the impedance boundary

scatterer satisfying kD(er

1)<<1, where D is the

conditions as in (Senior et al., 1987):

smallest dimension of the scatter. In the GRG
_ _
approximation, the total electric field E (r ) is also
_ _
approximated by the incident electric field Ei(r ), and the
_
integral factor with exp[ik(k̂i _ k̂s)·r ′
] is kept. Thus, the

Ï

V

_

k̂s)·r ′
dv′
.

R=

ih0
k0t(er _ 1)

(31)

the leaf thickness.

(25)

Substituting (29) into (28), the current distribution is
written as
_ _
_
2E
J sR(r ′
) = 0 [ẑ×(k̂i×q̂i)]Gq eikk̂i·r ′
h0

the condition a > b >> t, the modifying factor becomes
S

(30b)

where R is the resistivity of the leaf, q0 = p _ qi, and t is

Ignoring the phase variation in ẑ -direction because of

+ ikyy′
M(k̂s, k̂i) = t ∫ eikxx′
dx′
dy′
= tm(k̂s, k̂i),

(30a)

with

approximation except the modifying factor M(k̂s _ k̂i):
___
k2
Spq = p̂s· (er _ 1)(v̂sv̂s + ĥsĥs)·A·q̂i M(k̂s, k̂i), (24)
4p
where
_

2Rcosq0¸
and
h0 Ô
˛

Ó
_1
Ï
2R ¸
Gv = Ô1 +
Ô ,
Ó h0cosq0 ˛

scattering amplitude is same with that of the Rayleigh

M(k̂s, k̂i) = ∫ eik(k̂i

_1

Gh = Ô1 +

(26)

(32)

where q = v or h. Then, the scattering amplitude for a q̂-

where t is the thickness of the disk, kx = k(k̂i _ k̂s)·x̂ and

polarized incident wave and a p̂-polarized scattered

ky = k(k̂i _ k̂s)·ŷ. The above integral can be simplified by

wave is given as

using the integral transformation with x′= alcosy, y′=

ik
Spq = p̂s· (v̂sv̂s + ĥsĥs)·[ẑ×(k̂i×q̂i)]Gq m(k̂s, k̂i),(33)
2p
where the phase interference function m(k̂s, k̂i) is given

blsiny, 0≤l≤1, and 0≤y≤2p. The integral can be
further simplified using the wave transformation with
summation of the Bessel functions as in (Karam et al. 1988):
J1(Q)
1
M(k̂s, k̂i) = 2pabt ∫ J0(Ql)ldl = 2pabt
, (27)
Q
0

in (26) and (27). For example, Svh can be computed by
substituting ĥi into q̂i and v̂s into p̂s presented in (33).

where Q = (kxa)2 + (kyb)2 .

4. Numerical Results

3) The PO Approximation

The backscatter and forward-scatter radar cross

Assuming the leaf as a resistive sheet, the equivalent
__
current J (r ′
) in (2) can be approximated to a surface
_ _
current distribution J sR(r ′
) on the resistive sheet lying on

sections (RCS) are computed for a typical deciduous

x-y plane as

axis of 2b = 5 cm, a thickness t = 0.04 cm (Fig. 1). The

leaf for various frequencies and angles. The leaf is an
elliptical disk with a major axis of 2a = 12 cm, a minor

_ _ _ pc _
J sR(r ′
) = J s (r ′
)Gq .

(28)
_ pc _
The PO surface current on a perfect conductor J s (r ′
)
can be obtained using the equivalence principle as
_ _
__
_
J spc(r ′
) = 2ẑ×H0eikk̂i·r ′
(29)

gravimetric moisture content of the leaf is assumed to be
0.6 g/cm3, and the corresponding complex dielectric
constants for given frequencies are computed using an
empirical formula given in (Ulaby and El-Rayes, 1987).
For example, the complex dielectric constant of the leaf
at 5.3 GHz is (19.20, 6.42).
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The backscattering cross sections of the leaf were

and therefore should be applied with caution when the

computed using the Rayleigh, the GRG and the PO

size of a dielectric disk is not larger than wavelength (Le

approximations as well as the MoM at 9.6 GHz (which is

Vine, 1984). Fig. 3, however, shows that the PO

the frequency for the X-band SAR system of the SIR-C

approach is as good as the GRG approximation for an

mission) for VV-polarization over the range 0˚≤q≤90˚

elliptical dielectric disk with a length of 0.176l. The

as shown in Fig. 2. In the computation, the cell size of the

Rayleigh approximation agrees with the other models,

elliptical dielectric disk for the MoM was 0.25 cm ×

because the phase variation in the disk is negligible in a

0.25 cm (l/12.5×l/12.5) and the number of the cell was

very small disk compared with wavelength (2a = 12 cm

741 in this case. It was known that the GRG

<< l = 68.18 cm in this case). It was shown that the PO

approximation holds for leaf surface dimension smaller

approximation disagrees with the other models near 90˚

or comparable to the wavelength. Fig. 2, however, shows

(near edge-on incidence) because the disk is assumed as

that the GRG approximation is as good as the PO

a surface-current sheet in the PO approximation.

approximation for a leaf with a leaf-length of 3.84l. It is

Fig. 4 shows the forward-scattering cross sections of

obvious that the Rayleigh approximation is not

the leaf, which are computed using the analytical and

applicable for a leaf larger than a wavelength as shown in

numerical models at X-band for VV- and HH-

Fig. 2, because of ignoring the modifying factor of (25).

polarizations. The incidence wave has q0 = 60˚ (qi =

Fig. 3 shows the backscattering cross sections of the

120˚), fi = 0˚ and the scattered wave has fs = 0˚, 0˚≤qs

dielectric disk, which are computed using the analytical

≤180˚ (Fig. 1). The Rayleigh approximation agrees

models and the MoM at 0.44 GHz. In the MoM

with the GRG approximation only at the incidence

computation the cell size was 0.4 cm×0.4 cm (l/170×

angles: i.e., qs = 60˚, 120˚, and deviates from the other

l/170), which gives the number of cell N = 297. The

models. The GRG approximation agrees very well with

length of the leaf is 0.176l(= l/5.68) at 0.44 GHz

the MoM even at 9.6 GHz, especially for VV-

(which is the frequency for the P-band system of the

polarization as shown in Fig. 4. Fig. 4 also shows that

JPL/NASA Airborne SAR). It was known that the PO

the forward-scattering RCS computed by the PO

approach is inherently a high frequency approximation

approach has a null shifted to 90˚ and has the same RCS
at backward direction (qs = 60˚) with forward direction

0
-55
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Backscatter RCS(dBsm)

-50

9.6 GHz, VV-pol.

-10
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0.44 GHz, VV-pol.

10

20

30 40 50 60
Angle(Degree)

70

80

-90
0

90

Fig. 2. Comparisons of analytical and numerical backscatter
cross sections of a leaf at 9.6 GHz and VV-polarization.

10

20

30 40 50 60
Angle(Degree)

70
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90

Fig. 3. Comparisons of analytical and numerical backscatter
cross sections of a leaf at 0.44 GHz and VV-polarization.

–44–

Comparative Evaluation of Two Analytical Models for Microwave Scattering from Deciduous Leaves

(qs = 120˚), deviated from the precise results by the

scattering cross sections from those models agree well

MoM. The computation results for HH-polarization are

with that from the MoM for VV-polarization, while

similar to the results for VV-polarization.

those are 2~3 dB higher than the MoM for HH-

Fig. 5 demonstrates that the PO approach is also good

polarization. When we compute the scattering

for computing the forward-scattering cross section of the

amplitudes of deciduous leaves having various sizes,

leaf even though the dimension of the leaf is very small

shapes, and orientations in a crown layer of a vegetation

(2a = 0.176l and 2b = 0.073l) compared with

canopy, we may choose either of the PO or the GRG

wavelength at 0.44 GHz. The forward-scattering RCS

model regardless of the size of the leaves for practical

by the Rayleigh approximation is same to that by the

range of microwave frequencies.

GRG approximation in Fig. 5, because the modifying

Fig. 6 shows the backscattering cross sections at

factor M(k̂s, k̂i) is equal to 1 for a very small scatterer.

normal incidence (q0 = qs = 0˚, qi = 180˚), for a leaf (2a

The difference between the PO and the GRG models is

= 12 cm, 2b = 5 cm, t = 0.04 cm) over the frequency

about 1 dB for both polarizations, and the forward-

range 0.25 GHz ≤ f ≤ 25 GHz, which corresponds the
range of leaf-length 0.1l≤2a≤10l. The difference
between two models is only about 1dB over the range

0
-10

9.6 GHz,
VV-pol.

RCS(dBsm)

-20

MoM
Rayleigh
GRG
PO

0.1l≤2a≤10l as shown in Fig. 6. The angular
variations of both models are same, because the
modifying factors of both models have the same angular

-30

variations as in (24), (26), and (33). This result informs

-40

us that the GRG model is as good as the PO model for

-50

computation of the scattering amplitudes of leaves 10
times larger than a wavelength, and on the other hand,

-60
-70
0

the PO model is as good as the GRG model for leaves
20
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0.1 times smaller than a wavelength.

Fig. 4. Comparisons of analytical and numerical forwardscatter cross sections of a leaf at 9.6 GHz and VVpolarization.
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Fig. 5. Comparisons of analytical and numerical forwardscatter cross sections of a leaf at 0.44 GHz.
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Fig. 6. Variation of the backscatter RCS of a leaf as a
function of frequency at normal incidence.
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Remote Sensing, 40(11): 2522-2526.

recommended that both the PO and the GRG models be

Pan, G. and R. M. Narayanan, 2002. Comparison of

alternatively used for computing the scattering matrices

microwave scattering models for leaf, IEEE Int.

(or the phase matrices) of natural leaves (included in a

Geosci. and Remote Sensing Symp. (IGARSS),

vegetation canopy) at microwave frequencies.

1: 653-655.
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